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Abstract
In this paper, we focus on the description of rough anisotropic textures which often appear in medical images. We
present a probabilistic framework where images are viewed as realizations of some extended fractional Brownian ﬁelds.
We then propose a texture analysis which is based on quadratic variations of image increments. Speciﬁc to our approach,
these variations are computed in several orientations. In this way, they can provide us with useful information about
directional properties of textures. We formulate an asymptotic result linking variations to their scale and orientation.
From this asymptotic relationship, we derive two statistical indices which can be used for describing both the texture
irregularity and anisotropy. Finally, we plug these indices into a classiﬁer to detect lesions in mammograms. We evaluate
the classiﬁer on the MIAS database using ROC curve analyses, and obtain an AUC of 0.81 for lesions of all types.
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1. Introduction
The spatial version of the fractional Brownian motion [9] was early used for the modeling and analysis
of image textures, especially in the ﬁeld of medical imaging [8]. This random ﬁeld model is well-suited to
describe rough textures and analyze their degree of Ho¨lder irregularity. However, it is an isotropic model
which is not appropriate for textures having directional properties. In [1], some anisotropic extensions of the
fractional Brownian ﬁeld were deﬁned from the spectral representation of Gaussian ﬁelds with stationary
increments. However, these ﬁelds are not suitable for the modeling of images with trends. In [12], the
framework of intrinsic random ﬁelds [10] was used to deﬁne ﬁelds which not only account for anisotropic
textures at high-frequencies but also for trends at low-frequencies (see Section 2 for more details). In this
setting, we focus on the issue of analyzing the texture irregularity and anisotropy.
The analysis approach we propose is based on quadratic variations of image increments [3, 11, 12,
14]. Speciﬁc to our approach, increments are not only computed at diﬀerent scales but also in diﬀerent
orientations. Hence, they carry a directional information which is relevant for the texture anisotropy analysis.
We capture this information through an asymptotic result which linearly relates the logarithm of quadratic
variations to the logarithm of their computation scales [12]. From parameters of this linear model, we
derive an original index which measures the texture anisotropy, and propose to combine it with a more usual
irregularity measure given by the Hurst index. We propose estimates of these anisotropy and irregularity
indices based on least square estimates of parameters of the linear model. Eventually, we illustrate the
interest of these indices on an application to the detection of lesion on mammograms.
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2. Image Model
We consider each image as a realization of a random ﬁeld Z on a regular lattice. Each image is then
analyzed by inferring from it some properties of its underlying ﬁeld (see Section 3). As it is based on a
single ﬁeld realization, this inference requires some stationarity assumptions. But, images we deal with are
non-stationary due especially to large scale intensity variations. Consequently, the usual assumption that the
ﬁeld is second-order stationary is inappropriate. Hence, we rather make a weaker assumption that the ﬁeld
has stationary increments of a given order M. Such a ﬁeld is known as an intrinsic random ﬁeld of order M
(or M-IRF) in the Geostatistics literature [4, 10]. As it can have a random polynomial trend of degree M, it
can take into account large non-stationary variations observed in images.
Continuous M-IRFs are characterized by the so-called generalized covariances. These covariances have
a spectral representation [4, 5, 10] which extends the Bochner representation of stationary ﬁeld covariances.
For a large class of IRF, the spectral representation of covariances is determined by a spectral density f .
Following [12], we assume that ﬁelds have a spectral density which fulﬁlls the condition
|w| > A⇒ f (w) − τ
(
w
|w|
)
|w|−2β
(
w
|w|
)
−d ≤ C|w|−2H−d−γ, (1)
for some positive constants A,C and γ, some even, positive, and bounded functions τ and β deﬁned on the
unit sphere of R2, and H = essinf sβ(s) ∈ (0, 1). Varying with the spectral direction w/|w|, the so-called
topothesy function τ and Hurst function β make the ﬁeld model anisotropic. In particular cases when they
are constant, the ﬁeld is isotropic. Besides, since H ∈ (0, 1), the ﬁeld realizations (images) are irregular.
This irregularity can be directly quantiﬁed by the Hurst index H corresponding to the order of the Ho¨lder
irregularity (see [11, 12] for deﬁnition). Visually, realizations have rough textures which appear smoother
and smoother as H gets closer to 1. At high frequencies, these realizations have the same textural properties
as the ones of an anisotropic fractional Brownian ﬁeld (AFBF) [1]. But, at low frequencies, they may have
a large polynomial trend whereas realizations of AFBF cannot have not any.
3. Texture Analysis
In this section, we focus on the estimation of irregularity and anisotropy properties of ﬁelds deﬁned
above. We assume that the image is observed on a grid [[1,N]]2. We denote by ZN[m] = Z(m/N) the image
intensity at position m ∈ Z2. Our texture analysis is based on the computation of image increments, which
give information about image variations at highest observed scales. Furthermore, these increments are not
only computed at diﬀerent scales but also in diﬀerent orientations.
This is done using transforms Tu deﬁned for a given u ∈ Z2\{(0, 0)} as a composition of a rotation of
angle arg(u) and a rescaling of factor |u|2
Tu =
(
u1 −u2
u2 u1
)
= |u|2
(
cos(arg(u)) − sin(arg(u))
sin(arg(u)) cos(arg(u))
)
,
Increments in direction arg(u) at scale |u| are obtained by a discrete convolution
∀m ∈ Zd,VNu [m] =
∑
k∈Z2
v[k]ZN[m − Tuk], (2)
with an appropriate convolution kernel v. This kernel is chosen so as to ensure that the convolution annihi-
lates any polynomial of a predeﬁned degree K (kernel of order K). Here, we use a kernel whose terms are
given for L ∈ N by
v[l1, l2] = (−1)l1
(
L
l1
)
, (3)
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Fig. 1. Examples of regions extracted from mammograms. Images (a) and (b) come from normal mammograms. Image (c) shows a
lesion (spiculated mass).
if (l1, l2) ∈ [[0, L]] × {0} and 0 otherwise;
(
n
k
)
stands for the binomial coeﬃcient. Such a kernel is of order
K = L − 1 (see [12] for details). The information provided by increments can be summarized into a single
random variable called quadratic variations
WNu =
1
Ne
∑
m∈EN
(VNu [m])
2,
where EN is a set of cardinal Ne containing positions m where increments can be computed with grid points.
To get information at diﬀerent scales and orientations, we compute quadratic variations for diﬀerent
vectors u. For convenience, we index these vectors with (i, j), i referring to the ith rotation angle among
vector arguments and j to a jth scale among vectors having the ith angle as argument. For each vector ui j,
we also compute normalized log-variations W˜Ni j = log(W
N
i j ) − 1Nf
∑
kl log(WNkl ), where Nf is the total number
of vectors. We gather all these variations into a single random vector YN = (W˜Ni j )i j.
As shown in [12], if Z is a M-IRF with spectral density (1) and increments in YN are of order ≥ M + 1,
then the random vector YN is asymptotically Gaussian with an expectation ζ whose terms are of the form
ζi j = xi jH + βi, (4)
with βi ∈ R, and xi j = log(ui j) − 1Nf
∑
kl log(ukl). Moreover, if the ﬁeld Z is isotropic, then βi = 0 for all i.
This result establishes a linear relationship between normalized variations and parameters of interest H
and βi. The slope H, which is the Hurst index, directly characterizes the ﬁeld irregularity. The intercepts
βi, which depend on orientations of quadratic variations, provides us with a directional information. Since
these intercepts vanish when the ﬁeld is isotropic, we propose to measure the ﬁeld anisotropy with
A =
√
1
Nr
∑
i
β2i , (5)
where Nr is the number of diﬀerent angles used to compute increments.
We compute ordinary least square estimates Hˆ and βˆi of parameters H and βi in the linear model (4).
Then, replacing H and βi by their estimates in the expression of H and A, we obtain estimates of these
irregularity and anisotropy indices.
4. Results
In this section, we present an application of our statistical approach to the detection of lesions in mam-
mograms. Mammograms are X-ray images whose texture is produced by a projection of tissues composing
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Fig. 2. Classiﬁcation of ROIs extracted from mammograms. Image (a): values of the irregularity and anisotropy indices (Hˆ, Aˆ) of each
ROI, (b) ROC curves obtained after a classiﬁcation of ROIs.
lesion spic arch circ asym misc all
Nb 19 19 24 15 15 92
AUC 0.78 0.75 0.87 0.78 0.86 0.81
Table 1. The AUC of the ROC curves for diﬀerent lesion types. The ﬁrst row indicates the number of cases by type of lesions. The
second row gives the AUC.
the breast. Hence, a mammogram texture varies locally depending on the composition of projected tissues.
In Figure 4, images (a) and (b) show two typical textures observed in areas where, respectively, a low and
high amount of dense tissues were projected. There have been some evidences that the degree of texture
irregularity could give information about the amount of projected dense tissues [11]. Besides, the mammo-
gram texture is naturally directional due to the orientation of conjunctive tissues toward the nipple. However,
this natural orientation can be locally perturbed when a lesion is present. In such a situation, textures may
exhibit some local isotropic patterns (see image (c) of Figure 4 for an illustration). Hence, irregularity and
anisotropy are two important properties for the description of mammogram textures and the detection of
lesions.
To test our approach, we used the mini MIAS database [13]. In this database, we extracted regions of
interest (ROI) of size 100 × 100 centered at the lesion barycenter within 92 pathological mammograms.
We included all types of lesions excepted micro-calciﬁcations. We also randomly selected 358 ROI within
normal mammograms.
On each ROI, we compute increments VNu (see Equation 2) for vector u ∈ Z2 having scales |u| between 6
pixels (1.2mm) and 20 pixels (4mm) and directions arg(u) where at least 2 vectors u had the same direction.
Due to the small size of ROI, we used the kernel deﬁned by Equation (3) with L = 1. Since this kernel
is only of order 0, we compensated for trend in each ROI by ﬁtting and subtracting a polynomial of order
1 to the image. We computed the irregularity and anisotropy indices for each ROI. Values of these index
pairs are shown on image (a) of Figure 4. For normal ROIs, the anisotropy index seemed to increase as
the regularity increases (H goes to 1). On average, the abnormal ROIs seemed smoother than the normal
ones (higher values of H). For a same degree of regularity, the anisotropy looked lower for the abnormal
ROIs than for the normal ones. We further used the index values to classify images. For the classiﬁcation,
we used a novelty detection approach and only learned an empirical distribution of index pairs on normal
cases. The ROC curves associated to this classiﬁcation are shown in image (b) of Figure 4 for each types
of lesions, and the areas under the curves (AUC) in Table 4. The AUC reached 0.81 for lesions of all types.
It was good for mass lesions (circ and misc) even when they are ill-deﬁned (misc). It was around 0.75 for
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architectural distortions (arch) and spiculated masses (spic), which are the most subtle lesions. It was also
fairly good for asymmetries (asym) which are usually detected by comparing left and right mammograms.
5. Discussion
We designed a novel approach to analyze the irregularity and anisotropy of rough textures. In this
approach, images were modeled as realizations of some intrinsic random ﬁelds which behave as anisotropic
fractional Brownian ﬁelds at high frequencies. The analysis was constructed using multi-oriented quadratic
variations of image increments. From asymptotic properties of these variations, we derived two textural
indices measuring both the irregularity and anisotropy.
We used these indices to detect lesions in mammograms taken from the MIAS database. Results sug-
gested that our indices could capture some important information about mammogram tissues and serve
for the detection of all lesion types (except micro-calciﬁcations). In a future work, we will extend these
preliminary experiments to a larger database.
The texture model we proposed relied upon assumptions which are weaker than the second-order sta-
tionary assumptions usually made in Image Analysis. Hence, our framework could be of interest in other
applications where non-stationary textured images are to be analyzed. In particular, it could serve as a re-
alistic model for other applications to breast images such as the analysis of lesion detectability [2, 6] or the
assessment of breast cancer risk [7].
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